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CALCULA11OH OF RF FIELDS IN AxISVIMLIBIC cAvl:lES-

Y. Iwasnltd+

l!!Mn!Q - A nau code. PISCES. has fMen de~elopea
for cslculat!ng a c~llete set of rf ●lectromagnetic
ties In an axlsymetr~c cavity. The finite-el-nt
method Is usad with UII t> third-order shape functions.
Although two c~onents ale ●nough to ●xpress these
rndes, three c~anents are used as unknaun variables
LO take Javantage of the S~.Wry of the ●lement
mtrix. The unknoms are taken to b? ●ither the
●lectric field c~onents f - (t~, E@. Ez) or the
mAgnetlc field c~onents O = (hr ht. Hz). The zero

alvergenct conaltion will be satis!lea rw the shaPe
function wlthln each element.

lhlRoDurlltM

This work MS ~tlwated by stdlcs o’ the
aisk-and*sher accelerating structure gecmetry.
Because the accelerating mode fOr these structures
does not belong to the lowest Passbana of Pos:lrIle
excltatian rmoes. II Is necessary thal other ~les
not overlap t..e accelerating made. The ties of
greatest concern are those in ~he lM1 Ddssbano,

Iwhicn am M)- to cause bearn-aeflect on problems 11

s- appll”ations
The ~st frequently used c~titer program to

ewaluate rf ca~itles is SUPLRFISH [1] SUPLRFISH can

-.alculate only s~trlc moes In an axis~trlc or
twoirirnns!onal ga-try (JLTRAFISIl [?] WAS aeweloped
10 c~ute cne as~trlc males fur such gecmtries
k~~er. because ULTRAIISH has a numerical dlf(lcultv
of spurious slngularltles, It has been fJlfl~cIJlt 10

use [31 PRUO [41 was aeweloDea for the Sam droll
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where A Is the ●lement volume. where the symbol T
denotes mstrlx transDcse.

$-*- Q= Tso J=050Y, (16)

To reduce the problem, M shall assume thst EZ
and Er depend on ● only through cos ~ and that

where Q Is the original shape function of Type 1 or

EO depends on+ only throuqh sln ~.
Type C, & Is the generated shape function, ●nd ~ and

LlslrIq t,le same shape funct~on Q for ●ach cwo-
$ara the original and the reduced set of parameters,
respectively. Type C (see Fig. 2b; Is a regular

nent, and employing (12) for arbitrary 4[, we get
the el~nt wtrix equation:

third-wder-polyn~lisl shape function and Types D

. ,

J
(13)

ar~+ arQT.~) rdrdz,

. az~ - az~T . ar~) rdrdz,4“ J ( arqT
A

The singularity
because the real divergent term is eliminated by the
axial boundary condition. By assembling all element
matrices and applylng the bO\”nddry condition, ftnally
we get the general elgenvalue equation

of Q on the a~ls Is not serious ,1

b 1

q.1 = k2 ~ ● k . (14)

where ~ and ~ are symmetric-banded matrices, and x
is an eigcnvector for the field Varldbles.
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SHAPL FUNCTION AND ZERO-OIVLRGENCE CftNOITION 1!1.[3

The shape fu~~ctlon used for each triangular
clement conststs of polynomials up to third order
(Fig, 1). The Type 1 element has threo compact nodes.
where first dcrivativos aro speclf{od together with
the value (see Fig. 2a). The shape function Is
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Ftg. 1,
Shfipe functions used In tho PISCtS program.

SynSOol O dstnotos tho cowpact node where three param@
tW% ore attached. !$ymbol X donotos tho normal node
whom only cm parmnet.~r IS attacned. lhe vertex !s
classed into flue types as indicated above.
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wiwrw1.1 Is an area coordtn to, z! and rl nre z
Pand r coordlnatos of the It’ vertexes, resl)octlvely.

A c~mct nosk (lypo I for tho tolj vertex of I-iu. I)
Is equivalent to three ildjncont nOIINIl flodvs (lvfM Z
for to~ vcI (1, of }Itim 1) in terms of spec!fylrr{l tlw
pOIYnOmial,l”l tonvcrslorsmatrlx 1, frtmi TYIMI I to
lypr! ? throu:!l lypo 1) aro uent!rdtod by MACSYMA to
IIWIIIMIII cornljntlhlllly alonq the oloment bounsicry,
11101 l%, If tlwro OH) only thrw pfirmwtcr$ slmrlfld
alomj tlw side, tlw fourth ono Is Inlornfilly qm+rdtwl
by a!sunrln(j tlult tllo Vtil”ldtlon al(m) tllo ‘+1(10 1% Ot
tho socoml urdur,



through F are derived from Type C. The curved
boundaries [7] are also available. The centrold
value can be eliminated by retaining second-order
preclslon.[~]

BecdUSe spurious solutions [6] not satisfying
the zero-divergence condition exist. sme technique
had to be Incorporated. There are two methods:
(a) One of the variables at a compact node can be
eliminated by the condition

Uhen m = q. neither the centrold value Er nor
Ez can affect ~h v . E dv, and Er Is used to i~ose
Er = rarE - razEz at the centrold by the same manner
as (a). (~he centrold node Is not the compact node.)
No spurious mode can be seen when m ~ 1, but when
m m O, there are spurious modes because tl.e zero-
dlverqence condition is not sufficiently satisfied in
each element. This problem Is avoided by using LO and
Ho components as unknown variables when m = O.

CORNER SINGULAR1lY

There is Sm difficulty at a geometry corner [6]
because of the diverging, noncontinuous singularity of
the Er and Ez components.First of a?l, the point >hould
not be a cc+npact node even for E* and ri~ solution of
m - 0 ca5e, because a compact node MS smooth value
variation and E has first-order-d-r~vati ve sing~lar-

tity. One possi Ie solution to thi> problem is not to
muintain the compatlbi?ity along the singular bound

rE~+~Er+arEr+azEz=O .v.[-~ (ha)

This condition can be written {n mtrix form as

EO1 -
azE*l
arE*l
Erl
aztrl

;;:63
Er10
EZIO

rv . E = [mN a rN ra N] . = O . (17b)

ary: that is, plact separate value at the slngu’ar
point for each element. lhis problem is still under
Investigation.

PROGRAM

This can be solved for arEr at each vertex of 1 The program consists of three parts: the auto-
nwtic mesh generator N1l , the solver PIS{LS, and tht
display post processor OISPLAY. The mesh generator
NET is stili under development using a modified quacl
tree approach [9]. The input data can be C.epared by
hand or by using AU1ONLSH and LAIIICL, Mich are parl
of the POiSSON group code.

There is a reduced version of PISCES that Is 2 D
and an axisyrranetric version and has an automatlr {re
quency optimization feature suitable for cavity dc
Sign. lhe eigenvalue problem is solved by lennlf,qr.
method [10], which can simultaneously find tny numl,(r
of elgenvalues iind eigenvectors starting with the
lowest or,es. All modes are obtdined lnclud~lwq Ilo
modes, which cannot be calculated by SUFLRFl!.~1 and
URMLL with sim~le option, With boundary-cow! ltion
modification performed hy hand, SJPERIISH ctu ral(u

ldtf? IL mode~. Also, the redu[ed version Ul\l)IfiY(I
Yis iivai able for P15CLS0, lhe (1 vaiue and thr sh~r-!

l~~dancc can bt, evaiuated.

through 3

r
aEllrrl

1arEr2: = $V ● v E Er, Ez’s except for arEr’s:. (IE)
~ *’

I
. .

1.arEr3j
(b)The centroid -node value E* can be used tn impnse
the integrated zero .divergence condition. ilhe proce
dure is similar to (a) above,] lhe condition in
matrix form is

r[$-’

1

w* [dV~ [.., ,, . ...]. LsO. (19)

II t; J

If m / 0, this can he alwayt solved for centroid value
I.*IO and wc get

ftlSULl!I

(20)
Iables 1 and 11 show the eiqcrlfrcG:,cir’ ic\ In a

iO cm radius s~hore from ihe anaiytli solutlon, !WI’IK
klSH, UIMIL, and P15CLS !~r m - 0 and m = 1. >pIJrluu,.i Lrio

I tlio

bfith $V or $i, we cdr] Uct lhe convcls.lon matrix ~v
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Population of
shown on top,

system matrices. The m = O case 1s
and the m - 1 case Is on the bottom., SD.., <.% me

AC} NOWLLDGHENI

would like to thank
solutions are marked with an x. In PISCES, there are
some options for imosing zero-divergence condlilons.
One Is *3 use a verte~-node variable, and another Is
to use a centroid -node value. These options are rep
resented as VDIVF and lDIVF, re~pectlvely. Applying
both options sometimes makes the system matrix non-
posttive and u’lsolvable. The agreement between the
analytlc val~e and the results from these codes !s
reasonable. Figure 3 shows the mesh used and the
field pattern for a solution using H as th+ unknown
varlablc. figure 4 shows the appearance of a typical
system matrix for two cases of m O and a case of
m-l. Only the banded portion of the matrix is
stored. Onc minute of VAX-780 C@mDuting time wot

used fcr the calculhtlon shown in lable 1 for LA

he author R. K, Cooper,
O Schrlber,
Weiland for their
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